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A Sixth-Order Family of Methods
for Nonlinear Equations
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A one-parameler family of sixth-order methods for finding simple zeros of noslinear
functions js developed. Each member of the family requires three evaluations of the given
function and only ong evaluation of the derivative per step.

1. INTRODUCTION

Newton’s method for computing a simple zero ¢ of a nonlinear equation
Jix)=0 has been modified in a number of ways. For example, Ostrowski
[1] discusses a third-order method that evaluates the function f at every
substep but only requires the derivative f” at every other substep. He also
introduced a fourth-order scheme that uses the same information. King
{2] has shown that there is a family of such methods. Traub [3]
introduced a third-order method which requires one function and two
derivative evaluation per step. Jarratt [4] developed fourth-order method
which uses the same information. King [5] developed a fifth-order scheme
that requires two evaluations of f and f".

Here we develop methods of order six. An iteration consists of one
Newton substep followed by two substeps of “modified” Newton (ie,
using the derivative of f at the first substep instead of the current one).

Let us recall the definition of order (see ¢.g. [3]).

DEFINITION Let x,, x,,..., x;, be a sequence converging to & Let

Caty

& =X —

If there exists a real number p and a nonzero constant € such that

! i F
L 2
then p is called the order of the sequence.
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2. DEVELOPMENT OF THE SIXTH-ORDER FAMILY
Development of the sixth-order family.

Let
o e x )
R ¢
_ fles,) fix, )+ Af(em,)
A i e et (3)

Frix,y Jix,)+Bfles)
e fix)FCflm) + DY (z,)

T TR TGt Gllo) FHTz,)
where A, B, C, B, G, H are arbitrary constants. This is a family of
methods which uses Newton’s method in the first substep and two
Newton-like in the other two substeps. In each step we have to evaluate
the function f(x) at the three points x,, w, z, and to evaluate the
derivative at one point x,,

In order to find the order of the method we used MACSYMA (Project
MAC's SYmbolic MAnipulation system, which is a large computer
prdgramining system written in LISP and used for performing symbolic as
well as numerical mathematical manipulations [6]).

The error expression at m, is given by

tlw,) =3F el + HAFy - 3F ) + (= 14F ,F , + 12F3 4 3F )¢t
+ 145~ 20F3 + 100F3F; - 25F ,F, —60F% + 4F ;)¢
+r4g(5F o — 39F F, —85F,F y + 210F JF3 4 330F ,F} — 780F ,F3

+ 360F )l + ... {4)
where
F9E)
P 5
aNTH ©)
and
£, = e(X, )= x, — & (6)

Far later use we also give the expression for

fleg) = 13F 82 + HF F - 3F3)el + 503F, — 14F  Fy+ 15F )
+ i G{4F s 25F ,F - 20F % 4+ 120F3F ; —90F $)ed
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+ AG(SF, = 39F oF , — 85F ,F 4+ 255F JF2+ 370F3F,
—1095F ,F3 +630F )5 + ... f'(&) (7)
and
S &I+ Bflw,)] =) ey + KB+ 3)F 52,
+HQ2B+4)F,+3F%]e
+ 5[(3B+5)F, + 10F,F, + 3BF}]e*
+io[(4B+6)F s+ 15F ,F, + 10F3 +20BF2F,

— 15BF3]ed
+ ol (SB+T7)F + 21F oF, +35F F ; + 45BF ,F3
+40BF,F3 —150BF \F3 +90BF3]ef + ... {8)

The error expression at the point z, is given by

elz,)=HB—A+2)F3e) + [(8B—8A + 14)F,Fy +( 3B
+(34=-21)B+214-27)F3)e} + =[(18B— 184 4+ 30)F,F,
+(L6B—16A4+24)F% +(-36B%+ (364 —228)B+ 2284
—264)F3F , + (9B +9032 ~94B* —904B +297B-2974
+270)F31ed + 3o {48B — 484 + T8)F ,F 5 + (120B — 124
+170)FF, +(—135B+1354B - 825B+ 8254 —930)F2F,
+(—240B% 42404 B — 1360B + 13604 — 1400)F ,F2 + (2408>
—240AB* + 222082 —22204B + 6750B — 67504 + 5640)F3F ,
+(—45B* +454B° —585B" + 5854B* — 27908 + 279048
—5805B + 58054 — 3960)F3]e8 + ...) 9)

In order to annihilate the coefficient of & in the expression for g(z,) we

have chosen B=.4—2. We have also chosen ¢=—1, G=—-3and H=D so
that the low-ordet terms in the expression for ¢, ., will vanish. This choice
leads to the family
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f{x,) R

W, =X, —

f‘ l"‘jll)

o Mw) S+ Afle,)
T ) S A - 2)flw,)

Si2) i) S0+ DA,

\ (10)

T T ST ) )= 3 (w) = D)

with error term

Ens L =Tos[2F3F, = 32A+ VFIF, Juf + ... (11)
Note that the error term does not depend on D so we can let D=0

I the parameter A is chosen so that 4= —1 then the F3F; term in error
is eliminated so that

) = A_f(_x.il_
n " f-,(x")
- _f‘(U)n) j‘(xn)V%f((")n) L (12)

O T ) fl) 3w,

T ) )= () J
and

fps1 =F2F3F 260+ (13)

3. NUMERICAL EXAMPLES

Computer tests for the functions f'=x"—1 with the root {=1 for various
values of the integer n show that the methoed is indeed of order 6.

Remark Our method needs the same number of function evaluations
as & method constructed from one substep of Newton’s method followed
by two substeps of the secant method. The order of the secant method is
approximately 1.62 (see e.g. {7]) thus such a scheme will approximately be
of order 5.2 {see e.g. [4]).
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